DERIVATIVE FORMULAS FOR BESSEL, STRUVE AND 
ANGER WEBER FUNCTIONS 
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Abstr act. We derive formulas for the derivatives of general order for the func- 
tions z~ v h v (z) and z v h v (z), where h u (z) is a Bessel, Struve or Anger-Weber 
function. These formulas are motivated by the occurrence of the expressions 
■jpr(z~ v I v (z)) and -jpr( z ~ v K v (z)) in the study of Variance—Gamma approx- 
imations via Stein's method. 



1. Introduction and preliminary results 

Formulas for the derivatives of general order for the functions z~ v h v (z) and 
z u h v {z) 1 where z and v are complex numbers and h v (z) is a Bessel, Struve or 
Anger- Weber function are established. In particular, the functions, h l/ (z), that 
we obtain formulas for are the Bessel functions J u (z), Y„(z), I v {z) and K v {z); the 
Hankel functions H^\z) and H^\z); the Struve functions H„(z) and L u (z); the 
Anger- Weber functions 3 v (z) and E^(z). (For definitions of these functions see, 
for example, Olver et. al. [§].) These formulas for derivatives of any order are 
motivated by the occurrence of the expressions 4-n{z~ v Iv{z)) and -4-^(z^ l 'K v (z)) 
in the study of Variance-Gamma approximations via Stein's method (Gaunt pQ). 

The pair of simultaneous equations 

(1.1) F v -x(z) + F v+1 {z) = 2F' v {z) + f v [z), 

(1.2) F v ^(z) - F v+1 (z) = —F v {z) + g v (z), 

z 

where f v (z) and g v iz) are arbitrary functions of the complex numbers v and z, 
form a generalisation of the recurrence identities that are satisfied by the modified 
Bessel functions I v [z) and K v {z), and the modified Struve function L„(z). These 
identities are listed in the Appendix and can also be found in Olver et al. [S] and 
Watson [7]. Also, the pair of simultaneous equations 

(1.3) G v -i{z) - G u+l {z) - 2G' v (z) + Mz), 

(1.4) G„_i (z) + G v+1 (z) = —G v (z) + g v (z), 

z 

where f v {z) and g v (z) are, again, arbitrary functions of v and z, form a general- 
isation of the recurrence identities that are satisfied by the Bessel functions J v (z) 
and Y v {z), the Hankel functions Hu (z) and Hi (z), the Struve function H„(z), 
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and the Anger- Weber functions J„(z) and ~Ei v (z). Again, these identities are listed 
in the Appendix and can also be found in Olver et al. j5] and Watson [7]. 

The simultaneous equations (|1.3[> and (|1.4p were studied by Nielsen [3J. Nielsen 
showed that the functions f v (z) and g v {z) must satisfy the relation 

fu-x{z) + fu+\{z) - —fv(z) = 9v-i{z) - 9u+i(z) - -(zg v (z))'; 

z z 

and it has been shown by Watson [5] that, if this relation is satisfied, the system 
can be reduced to a pair of soluble difference equations of the first order. We may 
apply similar arguments to the simultaneous equations (jl.ll) and (11.21) to show that 
the functions j v (z) and g v (z) must satisfy the relation 

fu-x{z) - fu+i{z) - — f v {z) = g v -\{z) + g u+ x{z) - -(zg v {z))'; 

z z 

and that, if this relation is satisfied, the system can be reduced to a pair of soluble 
difference equations of the first order. 

From equations and (|1.2[) we are able to easily deduce the following formu- 
las: 

n ,, d (F v {z)\_ F v+l {z) g v {z)-f v {z) 

(1 - b) d~z{~^)-^~ + 2? ' 

(1.6) T Z ^ F "^ = zVF »-^ z ) - \z v {Uz)+g„{z)). 

Similarly, from equations (jl.3l) and (jl.4l) . we have: 

7 n d( G v {z) \_ G v+ i(z) g v {z)-f v (z) 

( ' dz\ z" ) z" 2z» 

(1.8) ^r{z v G„{z)) = z v G v ^{z) - \z v {f v {z) + g v [z)). 

az 2 

Again, these derivative formulas (|1.5[) - (|1.8[) form a generalisation of the well- 
known formulas (see Olver et al. [5] or Watson [7]) for the first-order derivatives 
of Bessel, Struve and Anger-Weber functions. In this paper we extend formulas 
(|L5 l) -([rg J) for first-order derivatives of z~ v F v {z), z"F v {z), z~ v G v (z) and z v G v {z) 
to formulas for derivatives of any order. We then apply these general formulas 
to obtain formulas for the derivatives of any order for the functions z~~ v h v (z) and 
z v h v iz) 1 where h v (z) is a Bessel, Struve or Anger- Weber function. 

2. Ancillary results 

Before stating our main results we establish a result for the coefficients that 
are present in the formulas. The coefficients A^(v) and B%(i/) arc defined, for 
n € N = {0,1,2...}, k = 0,1,..., n, and all complex numbers v 1 expect the 
integers -(ft + 1), -(ft + 2), . . . , -(2fc - 1), -{2k + 1), -(2ft + 2), . . . , -(ft + n - 1), 
and -(ft + 2), -(ft + 3), . . . , -2ft, -(2ft + 2), -(2fc + 3), . . . , -(ft + n), respectively, 
as follows: 

(2n)!(^ + 2ft) Y[ k 1 Zl(2v + 2 3 + l) 



(2.1) Al{u) = 

(2-2) Bl{u) = 



2n - k (2k)\(n - k)l n"=o(^ + k + J) ' 
(2n + l)\{v + 2k + 1) nto( 2 ^ + 2j + 1) 



2 2„-fc( 2fc + i)i( n _ fc )! x[ n (v + k+j + iy 
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where we set 117=0(2^ + 2j + 1) = 1. 

Remark 2.1. The coefficients A^iv) and B^(u) are equal to zero if and only if k > 1 

_ - / villi n-/ v / — I I ! 



and f = — b — i, where 2 = 0, 1, . . . , fc — 1. 



The following lemma gives some properties of the coefficients A^{v) and B^{y) 
that will be used in the proof of the main result of this paper. 

Lemma 2.2. Let n 6 N, then the coefficients A^(v) and B^{v) are related as 
follows 



(2.3) Bt(y 

(2.4) B%{v 

(2.5) A-+\ v 

(2.6) AW* 



(2-7) 



and satisfy 
(2.8) 



f + fc 

v + 2k 
v + n 

i/ + 2n 
1 



2(i/ +1) 

2i/ + 2fc + l 
2(i^ + 2/c + 1 

2^ + 2n + 1 
2(t/ + 2ra+l) 



1 



2/e + 2 



Al +l {v), 0<k<n-l, 



■B n k {v) + 



2fc + 3 



2(i/ + 2fc + 3) 



0<fc<n-l, 



£AJ(i/)=gBJf (i/) = l. 



fc=0 



k=0 



Proof. Identities f|2.3|) — (|2.T|) can be verified by simply substituting the definitions 
oiAl{v) and B^(v), which are given by (|2.1[) and f|2 . 2 [) . into both sides of the 
identities. These calculations are carried out in the appendix. 

We now prove that identity (|2~%jl holds. From identities (|2~5|) , tfZM and (|2T7|) we 
have that 



n+X n—1 s 

fc=0 v ; fe=0 k 



2i/ + 2k + 1 
2(i/ + 2/c + l) 



2fc + 3 



2(i/ + 2fc + 3) 



AM + 



2^ + 2n + 1 
2(t/ + 2ra+l) 



fc=0 

Setting I = k + 1 gives 

y A n +\ v ) = y ^+2fc+i y 2/+i = y, 

fe ^ Z^2(z/ + 2fe + l) kK ' ^ 2(1^ + 21 + 1) oK ' ^ LK ' 

k=0 k=0 v ; 1=0 v ' ' ' k=0 

A similar calculation shows that 

n n 

fc=0 fc=0 

Since A%(v) = B$(u) = 1, the result follows. 



□ 
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3. Main results 

We are now able to prove our main results. To simplify the formulas we define, 
the functions p v ,i{z) and q v j(z), for I 6 N and v € C, by 



/ \ v 9i>+i{z) fu+i{z) , 
Pvl\Z) = —, rr , 1 — 1,2,6,...,. 

,iv ; 2(u + l) z u 2z v 



Pv,o( z ) 



9 v {z) - fu{z) 



2z v 

q_v.i{z) = - ijj— ^ z v 9v-i{z) - ~z v f v -i{z), 1 = 1,2,3,..., 
q v ,o{z) = ~^z u (f v (z) + g u {z)). 



Also, for N > 1, we write [N] for the set {1,2,..., N], and write -[N] for the set 
{-1, -2, . . . , -N}. We take [0], [-1], -[0] and -[-1] to be the empty set. Finally, 
we let h,( n \z) denote the n-th derivative of h(z). With this notation we have: 

Theorem 3.1. Suppose that F v (z) satisfies the simultaneous equations (1.1]) and 
m.ty) , and that G u (z) satisfies the simultaneous equations ( 1.3]) and Also, 
suppose that p v j{z), q v j{z) £ C 2ll (C), for all I € {0, 1, . . . , 2n}. Then for n £ N, 



— ( W ^ - E a hW)^^- + E E 4(^Sr 2j " 1} (^) 

fc=0 j=0 fe=0 

n-1 j 



n \ y v 



dz 2r ' 

(3-1) + E E B l(")&~T 2) (*), ueC\(-[2n- 1]), 

j=0 k=Q 

^ ' k=0 j=0 fe=0 

n-1 j 

(3-2) + E E B l(v)&+r 1] (*), "€C \ (-[2n]), 

j=0 fc=0 



^2n 'in 1 j 



fc=o i=o fc=o 

(3-3) + E E 4(-^,2k+r 2) (*)> ^ C \ [2n - 1], 

j=0 fe=0 

J2n+1 ™ ™ 3 

' -(z^(z)) = ^^(-^)z^_ 2fe _ 1 (z)+^^Ai(-^- 2 '' ) (z) 



fc=o i=o fc=o 

n-1 J 

f2n-2j-l). 



(3-4) + E E ^("^^T+r 1 ' (*), " e C \ [2n], 

j=0 fc=0 
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j2n 



d n (G v (z)\ yr^. +k G„+2k{z) 



dz 2r > 



n \ z v 



k=0 
n-l 3 



j=a k=a 
n-l j 

(3-5) + E E(- 1 ) fc+J+1 ^MpSr + 2 r 2) (*), " e C \ (-[2n - 1]), 

j=0 fe=0 



' k=0 

n j 

+EE(- 1 ) fc+i 4(^ 2 T 2i) (-) 

n-l j 

(3-6) +^^(-l)W+ 1 B^) P ; 2 V 2 r 1) (4 * €C \ (-[2n]), 

.7=0 fc=0 

j2n " 

-(*"<?„(*)) = £(-l)"+ fc ^(-^G„_ 2fe (z) 

fc=0 

n-l j 

(3-7) +EE(- 1 )^(- y )&r , W. i/6C\[2n-l], 

j=Q fc=0 

J2n+1 n 

-(^G„(z)) = ^(-lr+^-^G^-^) 



dz 2 



d0 2n+l 



fe=0 

n j 



+EE(- 1 ) fe+i 4(-)< 2 T 2j ' ) w 

2=0 fc=0 
n-l j 

(3.8) +EE(- 1 ) fe+i5 i(-^& 2 r 1) w» ^c\m, 

j=0 k=0 

where we use the convention that X)fe=o flfe = ^- 

Proof. We begin by proving formulas (|3.1[) and (|3. 21) and do so by induction on n. 
It is certainly true that (|3.ip holds for n = and ()3.2[) holds for n = by (|1.5I) . 
Suppose now that p.2[) holds for n = m, where m > 0. We therefore have 

(^) = e^m^ 2 ^ +EE4(^: 2 r j - ) (-) 

^ ' k=0 j=0 k=Q 

m— 1 j 

(3-9) + EE^MpIwi^'W. v € C\ (-[2m]). 

j=0 fe=0 

Our inductive argument will involve differentiating both sides of (|3.9[) and to do so 
will shall need a formula for the first derivative of the function z~ u F v + a (z), where 
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a € N. Applying (|1.5[) and (|1.2p we have, for all v ^ —a 



(z) \ _ d ( ^ a F u+a (z) 



dz\ z v J dz\ z v+a 

_ F v+a+ i(z) aF v+a (z) g v+a (z) - f v+a {z) 
z v z ,y+i 2z v 

F u+a +i(z) a z 



z v+1 2{v + a) 

9v+a{z) — fu+a{z) 



(F v + a -i( z ) — F u+a+ i{z) 



2z u 

2v + a F„ +a+1 (z) a F„+„_i(z) 



2{v + a) z v 2{v + a) z v 

V 9 V +a(z) _ fv+a{z) 

2{v + a) z v 2z v 
/„ 1n s 2v + a F v+a+l (z) a i^ +a -i(z) 

(3.10) = — r h —, T \-Pua\z). 

K ' 2{v + a) z v 2{v + a) z v 1 ' v ' 

With this formula we may differentiate both sides of (I3.9[) to obtain 

d 2m+2 (F„(z)\_^ ( 2v + 2k+l F u+2k+2 (z) 

dz 2m + 2 \ z" J k [) \2{v + 2k + l) z v 

2k +1 F v+2k (z) 

\-Pu,2k+\{Z) 



2(j/ + 2fc+l) 

m j rn—lj 
rn + l „ , » m j 

= E +£E4mpS- sw+1) (*) 

fc=0 j=0 fc=0 

m j 

+ E E ^MpSkf (*)■ (-[2m + 1]), 

where 

2^ + 2m + 1 
2(f/ + 2m + l)" 



We see from Lemma |2J that = A™ +1 (>), for all fc = 0, 1, . . . , m + 1. It 

therefore follows that if (|3.2[) holds for n = m then (|3.ip holds for n = m + 1. 

We now suppose that (|3.1j) holds for n = m, where m > 1. If we can show that 
it then follows that (|3.2j) holds for n = m then the proof will be complete. Our 
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inductive hypothesis is therefore that 



dz 2r 



' fc=0 3=0 fc=0 

m—1 j 

+ EE B i(Cr 2) W. " e C\(-[2m- 1]). 

3=0 fc=0 

We may use the formula p. 101) to differentiate the functions z~ v F u+ 2k{z) , for fc > 1, 
and may differentiate the function z~ v F v {z) using the formula 

(3.11) dfFM\ = F v+1 {z) /„(*)- g,(z) = F v+1 {z) 

v 1 dz\ z v J z v 2z v z v K ' 

We then apply a similar argument to the first part to obtain 

d2m+1 w * n --f t ^)^^+f t j:mp^{') 

fc=0 3=0 fe=0 

m—1 3 

+ EE^Mfe'r 11 ^). - e C\ (-[2m]), 

3=0 fc=0 



rfz 2m+1 V 2" 



where 



and fc = 0,1,..., m - 1. We see from lemma O that B£»(i/) = B™(i/), for all 
fc = 0, 1, . . . , m. It therefore follows that if (|3.1jl holds for n = m then Q3.2[) holds 
for n — m, which completes the proof of formulas (|3.1|) and (|3.2|) . 
We now prove formulas (|3.3|) and (|3.4[) . We note that 



(3.12) ±^ F ^ Z )) = z v F v _ x (z) + q vfi {z), 

and by applying (|1.6[) and (|1.2I) . we have, for all v ^ a, 

^(z v F^ a (z)) = ^{z a ■ z v - a F v - a {z)) 
az az 

= z v F v ^ a ^ 1 {z) + OLZ v ~ x F v ^ a (z) - -z v (f v - a (z) + g u - a {z)) 

= z v F v ^ a ^ 1 {z) + olz v ~ x ■ -—— — AF v - a -\(z) - F v - a+ i{z) 

2[y — a) 

- 9v-a{z)) 

- ]^z v {f v ^ a (z) +g v _ a (z)) 

—2v + a a 

-Z F v - a -i\Z) + — ; ; rZ F v - a+1 [z) 



2(-v + a) v ' 2(-u + a) 

-z h 'g v - a {z) 'f v _ a (z) 



2{v-a) 2 

— — I— Qi (Y 

(3-13) = —z v F v _ a _ 1 {z) + - —^z"F v _ a+1 (z) + q Vta (z). 

2{— v + a) 2(— v + a) 



s 
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Comparing (|3.12p and (|3.13j) with p. lip and (|3.10p . respectively, we can see that 
the formula for ^-(z 1 'F v ) will be similar to formula (|3.ip . with the only difference 
being that we replace the terms z~"F v + a (z) by z l 'F v ^ a (z), the terms A l k (v) and 
B l k (u) by A l k {— v) and B l k {~v), and the terms pi} a {z) by qi%(z). The prools of 
(pT5]l . (PTB| . (pTTf and d^ll) are similar to the proof of and ([221) and the 

calculations are carried out in the Appendix. □ 



We now apply Theorem 13.11 to obtain formulas for the derivatives of any order 
for the functions z~ v h v {z) and z v h u {z), where h u (z) is a Bessel, Struve, or Anger- 
Weber function. The formulas for Bessel functions are particularly simple: 

Corollary 3.2. Let ^ v (z) denote J v (z), Y v (z), H^\z), h!) 2) (z) or any linear 
combination of these functions, in which the coefficients are independent of v and 
z. Then for tieN, 

^v{z)\ V^, i\n+fc An/ ^v+2k{z) 



dz 2n 



z u 



= J2(-lT +k AZ(v)^±^>, , £ C\ (-[211 - 1]), 



fe=0 



d2n+1 f%(z) ^ = E(-i)" +fc+1 ^(^) ^ +2fc : l(z) , uec\(-[2h\), 



dz 2n+1 



fe=0 



Jin n 

-(z v V v (z)) = £(-l)"+ fc ^(-z,)z^ 2fc (z), v e C \ [2n - 1], 



dz 2 



fe=0 



j2n+l " 

' -(z^(z))=Y / (-^ n+k B'k(-iy)z^-2k-i(z), i/eC\[2n]. 



dz 2n+l 



Now let -S?i,(z) denote I v (z), e vm K v {z) or any linear combination of these functions, 
in which the coefficients are independent of v and z. Then for n G N, 

(3-14) U (^) =£^)^f^, - E C\ (-[2n- 1]), 

^ ' k=0 

(3-15) £^(^ 1 )=E^M^ ± f ±iM , »eC\{-M), 

j2n " 

: {z 1 'X v {z)) = Y,Al{-v)z v J? v -2k{z), i/eC\[2n-l], 

fc=0 



dz 2 ™ 



j2n+l 

_(z^(z)) = £ SJ(- l ,)^_ 2fe _ 1 (^), ,eC\ [2n]. 



dz 2 ^ 1 



Proof. From the recurrence relations (I6.ip and (|6.2I) we see that ^(z) satisfies the 
system of equations f|l .3|) and fj 1 .4|) . with /^(z) = ^(z) = 0. Hence, the formulas 
involving L u (z) follow immediately from taking p v ,i(z) = Qu,i(z) = in formulas 
(|53|t . ([3TB] . (jXTl) and dm of Theorem O The formulas' involving jS?„(z) are 
derived using a similar argument. □ 

Corollary 3.3. The n-th derivatives of the functions z~ v 'S. v {z) and z u H v (z) sat- 
isfy formulas similar to (13.5p ~ (13.8p . with the only difference being that the terms 
Pul\ z ) an ^ %i\ z ) are replaced by (z) and it™ ; (z), respectively, functions i^(z) 
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and u^^z) are defined, for !,meN, by 
y/THy + l)T{v + l+\) 



tv,l ( z ) ~ , nn/ 2 . I i i 3~\(ty ,nZ ' 2 — 1,2,3,. 



(-) 

,rn / \ V 2 I c 

l 0.0\ z ) — . 3\°°. m ' 



</!■»= rn Hr/ +1 ,^3, (^- z W 2 ' / -'- m , / 1.2..>. 
0r(t - f)r(i/ - / + 1 ) 

<o(*) = 0, 



where (x) n denotes the Pochhammer symbol (x) n = r ^f^"^ = x(x+l) ■ ■ ■ (x+n—1), 
and 5ij is the Kronecker delta function. 

Similarly, the n-th derivatives of the functions z~ v ~L v {z) and z L/ 'L v (z) satisfy 
formulas similar to (|3.1|l - (|3.4|l . with the only difference being that the terms pffl (z) 

and q£t\z) are replaced by t™ t (z) and 

The n-th derivatives of the functions z~ u 3 v {z) and z v 3 v (z) satisfy formulas 
similar to (|3.5[) - (|3.8[) . with the only difference being that the terms p^\z) and 

q^l (z) are replaced by t™i{z) and u™i(z), respectively, where the functions (2) 
and w^^z) are defined, for l,mel, by 

v™i(z) = j^—r sm(n(v + - l) m z— m -\ 1 = 1,2,3,..., 

<o (*) = -- sm(wv)(-v - l) m z- v - m -\ 

IT 

<i(*) = "T^TT sin ^^ - OX" - l)".*""" 1-1 . i = 1,2,3,..., 
< ( Z ) = isin( 7 rz/)( I /-l) m ^- m - 1 . 

The formulas for the Weber function E„(z) are similar, with the only difference 
being that sin(7r(z/ + fc)) is replaced by 1 — cos(7r(i/ + k)), for k E Z. 

Proof. We first establish the formulas for the n-th derivatives involving Struve 
functions. From the recurrence relations (|6.3I) and (|6.4p we see that H v (z) satisfies 
the system of equations (11.31) and (ll.4|) . with 



0Fl> + §)' 
Therefore, for 2 = 1, 2, 3, . . ., we have 

Pvl [Z) ~ dz m \2(u + l) z v 2z v 

(2z/ + 0(ir+'+ 1 g; , 
0F(i/ + f)r(i> + J + §)«fe m ^ J 

_ (2„+o(ir'+i ,_ m 

V5F(i/ + i)r(i/ + i + |) Wro * 
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Similarly, we can show that qffl(z) = for I = 1,2,3,..., as well as that 

pl m \z) = t™ {z) and q<${z) = u™ {z). We then apply formulas (1531). (|XoD . (I3T71) 
and (|3.8[) of Theorem 13.11 and this gives the desired formulas for the derivatives of 
the functions z~ v Tl u {z) and z l, H v {z). The formulas involving L„(z) are derived 
using a similar argument. 

Now we establish the formulas involving Anger- Weber functions. From equations 
(|6.5j) - (|6.8j) we see that J„(z) and E„(z) satisfy the system of equations (|1.3j) and 
(d, with f v {z) = 0, g v {z) = -JLsinfri/), and f v {z) = 0, g v (z) = -JL(1 - 
cos(7ri/)), respectively. We then apply Theorem 13.11 and some simple calculations, 
as we did in the proof of formulas for the n-th derivatives involving Struve functions, 
to obtain the desired formulas. □ 

Finally, we note some simple consequences of Corollary 13.21 

Corollary 3.4. Let n E N and suppose that v and x are real-valued, with v > —1/2 
and x > 0, then the following inequalities hold 

( K v {x) \ < K v+2n (x) K„ +2n+1 {x) < rf 2 " +1 W () 
dx 2 " 1 a;" / ~ a;" x" ~ dx 2n+1 



and 



Q ^ cT /J„(x)\ < \x-"I v+1 (x), oddn, 



cfe™ \ x" J ~ \x- u I„(x), 



even n. 



Proof. We shall need two results concerning the monotonicity of the modified Bessel 
functions I v (x) and K v (x). Nasell [3] and Soni [6] proved that for all x > 

(3.16) I v {x) < Iv-x{x), for v> -1/2, 
and Ifantis and Siafarikas [2] proved that for all x > 

(3.17) K v {x) < K v+1 {x), for i/ > -1/2. 

Formulas (|3.14[) and (|3.15[) give expressions for the derivatives of the function 
e vm z~ v K v (z), and from these formulas we can immediately deduce the following 
formulas for the derivatives of z~ v K v {z): 



<^»> ^f^)=E(-l) fe ^H^ M ^ ^C\(-[2n-l]), 



fe=0 



(3-19) ^(^)=B- 1 ) fe+1 ^)^ iM ' ^C\(-[2»]). 
v / fc=0 

The result now follows from applying the formulas for the n-th derivatives of 
x~ v K v {x) and x~ u I u (x), that are given by formulas (|3 . 14[) and (|3.15[) . the fact 
that the coefficients satisfy Ylk=o-^k( 1 ') ~ 2fc=o-^fcM = 1' an< ^ the inequalities 
(Mil and (13171) . " ' □ 

The bounds for the derivatives of the functions x~ v K v (x) and x~ v I v (x) that are 
given in Corollarv l3.4l are simple and will often be quite crude. However, the bound 
for the derivatives of x~ l ' K v (x) are particularly good for large is, as demonstrated 
by the following result: 
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Corollary 3.5. Let n 6 N and suppose v > —1/2, then for all x > 

d n (K v {x)\ ^ n K v+n (x) 

- — — — f— 1) — — — , as v -> oo. 

dx 11 V x v J x v 

Proof. The result is trivial for n = 0, and 4-(x^ u K v {x)) — — x v K v+ i(x) by formula 
(|3.15|) . so suppose that n > 2. Simple calculations show that A™ (is) — > 1 and 
B™(v) -t 1 as v -> oo, for m > 1, and -> and B™(v) —> as i/ -> oo for 

= 0, 1, . . . ,m — 1. Since > K v (x) for i/ > — 1/2 and x > 0, the result 

now follow from formulas (|3.18j) and (|3.19[) . □ 
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4. Appendix: Proof of identities (|2.3|) - (|2.7|) 



We begin by proving that the identity (|2.3p holds. Suppose that k = 0, 1, . . . , n— 
1, then using the definitions of A^(v) and B"^(v), that are given by (|2.ip and (|2 . 2[) . 
and straightforward algebra, we have 



v + k 
v + 2k 

v + k 



2k 



-A' k \M 



(2n)!(^ + 2fc) n?=o(2^ + 2j + l) 

v + 2k * 2 2n ~ k (2k)\{n - k)\ nj=c> + k + j) 

fc + 1 {2n)\(v + 2k + 2) njU (2i/ + 2j + 1) 

+ v + 2k + 2 X 2 2n - k - 1 {2k + 2)\(n-k-l)\U r ' =0 (u + k + j + l) 



(2n)! 



2 2n - k {2k)\(n- k)\ 
(2n)! 



n-Io ( 2v + 2 i + 1) (" - k ) nto( 2 ^ + 2j + 1) 



2 2 ™- fc (2fc + l)!(n-A:)! 

I? 



n;=i(^ + * + i) (2* + 1) n; =0 (^ + * + 3 + 1) 

[(2ft + l)(i/ + fc + n + 1) + (n - ft)(2z/ + 2k + 1)] 



n j to(2^ + 2j + l) 

n"=o(^+ fc +j + i ) 



(2n) 



2 2n - k {2k + l)\(n- k)\ 



(2n + + 2k + 1) 



ng(2^+2i+i) 



12 



ROBERT GAUNT 



(2n + l)\{v + 2k + 1) Y[]zl(2v + 2] + 1) 



= m»)> 



2 2„-fe( 2 fc + l)!(n - fc)! \[ n j=0 {y + + i + 1) 
as required. The proof that identity (12 .4[) holds is simple: 

(i/ + 2n) m=o(2^ + 2i + l) 



v + n 
v + 2n 



KM 



v + n 
v + 2n 



n;- 1 (2^+2 J + i) 
2 n n;=i(^+«+j) 

_ (^ + 2n + l)n;Co(2^ + 2j + l) 

2«n" =0 (^+"+j + i ) 



Another simple calculation proves that (|2.5[) holds: 



2(i/ + 1) 



(2»+l)!(i/ + l) 



2(2/ + 1) 22«n!n; ! = o^ + ^ + 1 ) 
(2n + l)! 

- 22"+in!Il" =0 (f + J + 

(2n + 2)!i/ 

- 22»+2(n + l)!n^ 1 (^ + j) 

Identity ()2.6[) is verified by a similar calculation as the one used to prove identity 
(|2.3[) . Suppose that fc = 0, 1, . . . , n — 1, then 
2^ + 2fc+l 2fc + 3 

2(^ + 2fc + f) SfcM + i - ■ S^+iW 

2z/ + 2fc + I 



2(i/ + 2yfc + 3) 
(2n + + 2fc + 1) nto(2^ + 2 .7 + 1) 



2{v + 2k + 1) 2 2n ~ k (2k + l)!(n - fc)!n"=o( 1 ' + & + j + 1) 

2fc + 3 (gn + 2fc + 3) ]lf=o(2^ + 2 j + 1) 

2(z/ + 2fc + 3) X 2 2 »- fe - 1 (2fc + 3)!(n - - I)! H" =0 (v + k + j + 2) 



(2n + l)! 
2 2 ™- fc (2fc + l)!(n-fc)! 
(2n + l)' 



n^p(2^+2i + l) (n - fc) njU 2 " + 2j+ I) 

2 n;= (^ + ^ + i + 1) pfc + 2) n"= (^ + * +i + 2 ) 



2^(2fc + 2)!(n - fc)! [(fc + + * + n + 2) + (n - + fc + 1)] 



II^o(2^ + 2j + l) 

(2n+ 1)! 
2 2 ™-' £ (2fc + 2)!(n-fc)! 



• (n + I)(i/ + 2fc + 2) 



n; =0 (2t/+2j+i) 



(2n + 2)!(z/ + 2fc + 2)ni= (2^ + 2j + l) 
~ 2 2n - k + 1 (2k + 2)!(n - fc)! I^oV + ^ + j + 1) 
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as required. Finally, we prove (|2.7|) . By a similar calculation to the one used to 
prove identity ()2.4[) we have 

2^ + 2n+l = 2v + 2n+l x (v + 2n + 1) n"=p(2^ + 2j + 1) 

2(zv + 2n+l) nW ~ 2(i/ + 2n+l) X 2" nJLo^ + n + 3 + 1) 

n"=o(2" + 2j + l) 

2" +i n; = o(^+^+^ + i ) 

_ (i/ + 2n + 2)n" = o( 2t/ + 2 i + 1 ) 
2" +1 II?> + n+i + l) 

as required. 



5. Appendix: Proof of formulas (|3.5p - (|3.8p 

We begin by proving formulas (|3.5|) and (|3.6p and do so by induction on n. It is 
certainly true that (|3.5[> holds for n = and (J3THJ) holds for n — by (|1.7p . Suppose 
now that (|3.6I) holds for n — m, where m > 0. We therefore have 



dz 2m+1 \ z v 



k=0 

m j 



+EE(- 1 ) fc+J '4(-)< 2 T 2j, (-) 

j=0 k=0 
m-l j 

(5-1) + £ - €C \ (-[2m]). 

Our inductive argument will involve differentiating both sides of (|5.1j) and to do so 
will shall need a formula for the first derivative of the function z~ v G v + a {z), where 
aeN. Applying (|1.7p and (|1.4[) we have, for all v ^ —a, 

d ( G u+a (z)\ _ d ( a G v+a (z) 



dz\ z v j dz\ z u+a 

G v + a +i(z) aG l/ + a (z) g v+a (z) — /„+ Q (z) 

z» 2z» 
G v+a+1 (z) a z 



9v+a{z)) + 



z v+1 2(u + a) 

Qv+a 



(Gu+a-liz) + Gi/+a+l (z) 



2z v 

2v + a G u+a+ i(z) a G v+a -\(z) 



2(v + a) z v 2(is + a) z v 

V Qv-\-a. 

2{v + a) z v 2z u 

(5.2) = - 2" + ° <Wi(*) + a G u+a . x {z) 

V ' 2{v + a) z» 2(v + a) z» ^ fv, a \ > 
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With this formula we may differentiate both sides of (|5.f p to obtain 

d 2m + 2 /G,(z)\ A +fc+1 J 2z/ + 2fc+l G„ +2k+2 (z) 
dz 2m + 2 \ z v J f^ Q y ' k[ \ 2(v + 2k+l) z v 

2/c+l G u+2k {z) . , v 

+ P,A2fc+l(z) 



2(> + 2fc+l) 

m J 

3=0 fe=0 
m— 1 j 

3=0 fc=0 

_ ^""^ (—l) m+k A rn (v) ^" v+2k ^ z ^ 

k=0 Z 
m j 

3=0 fc=0 
m j 

(5-3) +EE(- 1 ) H,+lB j(Cw(4 " e C \ (-[2m+l]), 

3=0 fc=0 

where 

We see from Lemma O that = A™ +1 (>), for all k = 0, 1, . . . , m + 1. It 

therefore follows that if (|3.6|) holds for n = to then (|3.5j) holds for n = m + 1. 

We now suppose that p.5[) holds for n = m, where to > 1. If we can show that 
it then follows that (13.2[) holds for n = to then the proof will be complete. Our 
inductive hypothesis is therefore that 



j2m 



dz 2r ' 



G v [z) 



k=0 

m-1 3 



3=0 fe=0 
m-1 j 

+ E E(- 1 ) fc+J+1 ^(^ 2 2 m fe ; 2 i^ 2) (-)' - e C\ (-[2m -1]). 

3=0 fe=0 

We may use the formula f|5.3[) to differentiate the functions z~ v G v+2 k{z), for fc > 1, 
and may differentiate the function z~ v G v {z) using the formula 

d (G u (z)\ _ G u+ i(z) | fv{z)-g u (z) _ G„+i(z) | , . 

— + P^Ol^J- 



rfzl z" / z v 2z h 
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We then apply a similar argument to the first part to obtain 

d 2m+1 ( G u {z) \ _ ^m+fe+l pm I, ,\ Gy+2k+l{z) 

d z 2m+l \ z v } - 2-^ [ ~ L > a k\ V ) ^ 



fc=0 

m j 



j=0 k=0 
m—l j 

+ £ E(- 1 ) fc+J+1 ^(^S;i J " 1) (-)' v ec\(-[H 

j=0 k=0 



where 



and /c = 0,1,..., m - 1. We see from lemma O that = Bf(v), for all 

fc = 0,l,...,m. It therefore follows that if (13.51) holds for n = m then (|3.6I) holds 
for n = m, which completes the proof of formulas (|3.5[) and (|3.6[) . 

We now prove formulas (|3.7p and (|3.8[) and do so by induction on n. It is certainly 
true that p. 71) holds for n = and (|3.8p holds for n = by (|1.8[) . Suppose now 
that (|3.8[) holds for n = m, where m > 0. We therefore have 



j2m+l m 



dz 2m+l 



k=0 

m 3 



j=0 k=0 

m—l j 



(5.4) +EE(- 1 ) fcH5 iH«W" 1) w- "6c\n. 

j=0 fc=0 



Our inductive argument will involve differentiating both sides of (|5 .4[) and to do so 
will shall need a formula for the first derivative of the function z"G v - a (z), where 
a e N. Applying (|L8|) and (fL4|) we have, for all v ^ a, 



z v G v - a -x{z) + az v 1 G u - a (z) - -z v {f v - a (z) + g v - a {z)) 



(5.5) = z"G u - a -i(z) + az v 1 • —j— — r(G v - a -x(z) + G v - a+ i{z) 

l[y — a) 

- 9u-a{z)) - ]^Z V {fu- a {z) +g v - a {z)) 

-2v + a v a. v 

-Z {jv-a-l\Z)——, ; rZ (j-j/^q+i \Z ) 



2{-v + a) ' 2(-v + a) 

-z v g v ^ a {z) - -z v 'f v - a (z) 



2(i/ -a) 2 
— 2z^ — i— 

(5.6) = — ■ — -z l ' G v _ a _\(z) — — ■ — -z v G v _ a+ \{z) + q u a (z). 

2(— v + a) 2{—v + a) 
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With this formula we may differentiate both sides of (|5.4p to obtain 

' / '"""" 2 (*"g„(*)) = E(-i) m+lt gr(-^) ( 9 7_ 2 " I ^ ± u * vg »-**m 



dz 2m + 2 ' K " ^ ' '\ 2(-z/ + 2fc + f) 

k— 

2fc~(~l TV ,/T / \ / \ 



2(-i/ + 2fc + l) 

m j 

+EE(- 1 ) fe+i 4(--)?S" 2i+1) (-) 

j=0 fc=0 

m— 1 j 

rn+1 
rn 

+EE(- 1 ) fc+j 4(-%S" 2j+1) w 

j=0 fe=0 
m j 

(5-7) +EE(- 1 ) H3 ^(-")&f(4 i/eC\[2m+l] 

j=0 k=0 



where 



K +1 (-v) = — — ^ -B'"(-^), 

o V I 2 (-z/ + l) v y ' 



Zm+lr ,,\ _ 2// + 2fc + 1 ^^^^ 2fc + 3 



Jm+l/ , a _ 2^ + 2m + L 

where fc = 0, 1, . . . , m - 1. We see from Lemma that = ,4™ +1 (-!/), 

for all k = 0, 1, . . . , m + 1. It therefore follows that if (|3.8[) holds for n = m then 
(|3.7[) holds for n = m + 1. 

We now suppose that (|3.1[) holds for n = m, where m > 1. If we can show that 
it then follows that (|3.2j) holds for n = m then the proof will be complete. Our 
inductive hypothesis is therefore that 

Jim m 

(z»GAzj) = E(- 1 )" l+fc ^(-^)^G,_ 2fe (z) 



dz 2 

k=0 



m-l j 

+ EE(- 1 ) fc+i 4(-)^r 2 ^ 1) w 

j=Q fe=0 
m-l j 

+ E E(- 1 ) fc+J ^(-^^; 2 ^ 2) (-) J - e C\ [2m- 1]. 

j=0 fc=0 
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We may use the formula (|5.5j) to differentiate the functions z v G v -ik{z\ for k > 1, 
and may differentiate the function z"G v (z) using the formula 

±-(z v G v {z)) = z»G u+1 (z) + \z v {f v {z) - g v {z)) = z"G v+1 {z) + q v<0 (z). 
We then apply a similar argument to the first part to obtain 

j2ot+1 



dz 2m + 



~{z v G v {z)) = ^(-lr+^n-^G^-rtz) 



k=0 

m j 

j=0 fc=0 
m— 1 j 

EEh) h, ^(-)C h, (4 

j=Q k=Q 



v e C\ [2m], 



where 



££(-1/) = ^ 9 m 4£(->/), 



We see from lemma l2~2"l that f) = B™(—v), for all fc = 0, 1, . . . , m. It therefore 

follows that if (|3.7[) holds for n = rn then (|3.8[) holds for n = m, which completes 
the proof of formulas ()3.7|) and ((37 



6. Appendix: Recurrence identities for Bessel, Struve and 
anger-weber functions 

The following recurrence relations can by found in Olver et. al. [5], and the 
equation numbers from that text are given in brackets, below. Let ^(z) and 
££ v {z) be defined as in Corollary [3721 then 



(6.1) 

(6.2) ^ 1 (z)+^ +1 (z 

& v -i{z) - ^+i(z 

(6.3) H„_i(z) -H„+i(z 

(6.4) H^^j + H^!^ 

L*-i(z) + L„ + i(z 
L„_i(z) - L„+i(z 



= 2<(z), 

z 

= 2J2£(*), 

= — JS$,(z), 
z 

= 2K(z 
2v 



(10.6.1), 

(10.6.1), 
(10.29.1), 

(10.29.1), 

3^ ' 



v^r(i 



H„(z)4 
z 0rr(i/+|) 



2L'„(*) 



= — h u (z) 

z 



v^r^ + l)- 



(11.4.24), 
(11.4.23), 

(11.4.26), 
(11.4.25), 
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(6.5) 3 v - 1 {z)-3 v+1 {z) = 23' v {z), (11.10.34), 

(6.6) J v -i(z) + J v+ i(z) = — 3 v (z) - — sin(Tr^), (11.10.32), 

z nz 

(6.7) E„_ 1 (z)-E, y+1 (z) = 2E' l/ (z), (11.10.35), 

(6.8) E w _i(«) + E v+ i(«) = — E„(z) (1 - cos(tti/)), (11.10.33). 
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